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I. INTRODUCTION 
The algebra we are dealing with in the sequel concerns a vector-valued ver- 
sion of the Arens-Singer generalization of analytic functions [2], considered by 
G. M. Leibowitz [6]. Thus, one has a commutative Banach algebra E with 
identity, whose maxima1 idea1 space (: spectrum) is k(E) and its Shilov 
boundary a(E). Moreover, G is a locally compact abelian group and G+ a 
certain closed subsemigroup of G (its precise definition is given below; cf. 
Section 2). Then, Lr(G+, E) denotes the E-valued Bochner summable func- 
tions on G, which vanish “almost everywhere” (a.e.) outside G+. The main 
results in [6] concern the maximal idea1 space of the “generalized Arens- 
Singer algebra” Ll(G+, E), its Shilov boundary and a criterion concerning 
its semisimplicity (ibid., Theorems 2, 3; and Section 3, Prop.). 
The present paper aims at showing that the preceding results in [6] are 
immediate consequences of some general conclusions holding true in abstract 
topological tensor (product) algebras [8] if we consider the algebra Ll(G+, E) 
as the tensor product algebra Ll(G+) & E ( WI m a topological (algebraic) ‘th’ 
isomorphism; cf. Lemma 2.1 below). Besides, one may also consider the 
more general topological algebras (no identity element is assumed throughout) 
as range of the functions involved. 
2. PRELIMINARIES AND SUBSIDIARY RESULTS 
The range of the functions considered in the following will be a locally 
multiplicatively-convex (abbreviated to m-convex) topological algebra, a 
notion generalizing that of a Banach algebra, first introduced by R. Arens [l] 
and independently studied in greater detail by E. A. Michael [12]. The 
terminology applied is that of [12] to which we also refer for further details. 
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Now, let G be a locally compact abelian group and let Gf be a subsemi- 
group of G, which is the closure of its interior and which also generates G 
[2, p. 3801. Then, one denotes by Ll(G’) the set of those (summable) func- 
tions in L1(G) (: the group algebra of G) which vanish outside G+. Now, 
Ll(G+) with the relative operations induced on it by the group algebra of G 
is a closed subalgebra of Ll(G), and hence a Banach algebra (ibid.). This is 
the Banach algebra of “generalized analytic functions” considered in [2]. 
On the other hand, G. M. Leibowitz has considered in [6] the case in which 
the functions in U(G+) take values from a commutative Banach algebra E 
with an identity element, and has thus defined the algebra Ll(G+, E) con- 
sisting of the E-valued Bochner summable functions on G vanishing out- 
side G+. 
Now, a generalized group algebra of the type Ll(G, E), where E is a com- 
mutative complete locally m-convex algebra, has been considered in [7, 91. 
In particular, one has 
L1(G, E) = L1(G) @ E (2.1) 
77 
within a topological isomorphism, 7: denoting the “projective tensorial 
topology” on the corresponding tensor product algebra [7, p. 53; 9, p. 288, 
Lemma]. Thus, the study of certain basic properties for the algebraLl(G, E) 
can be reduced to the similar ones of the usual group algebra L1(G) and res- 
pective properties for the algebra E, in so far as the properties considered are 
preserved by taking suitable topological tensor products [7; 81. In this way 
one gains in simplicity by avoiding involved techniques of abstract harmonic 
analysis [6] and also in generality by employing more general topological 
algebras as the range of the functions considered. 
We first have the following lemma, which actually constitutes the basic idea 
in applying the techniques developed in [7; 81 to the considerations in [6], 
within the present more general context. It should also be noted that Lemma 
2.1 below is actually implicit in the proof of Theorem 2 in [6, p. 3861. 
LEntnlA 2.1. Let G be a locally compact abelian group and let G+ be a 
subsemigroup of G as indicated abore. Moreover, let E be a commutative complete 
locally m-convex (topological) algebra. Then, concerning the algebra L1(G+, E) 
as de$ned abooe, one has 
Ll(G+, E) = Ll(G+) @ E, (2.2) 
n 
within a topological (algebraic) isomorphism. 
Proof. It is obvious that the map 
rp @ x : G w E : t H (q~ @ CC) (t) = p)(t) x, (2.3) 
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with v ELI(G) and x E E, defines Ll(G+) @ E as a subalgebra of Ll(G+, E), 
since P(G+) is a subalgebra of Li(G). Now, we shall prove that L’(G+) @ E 
is dense in Li(G+, E): Indeed, let h EL~(G+, E) CLl(G, E). Then h can be 
approximated by functions of the form 
(2.4) 
wheref, E X(G) (: the continuous functions on G with compact support) and 
xi E E (cf., for instance, [9, p. 288]), and moreover, since h vanishes outside 
G+, one can choose the functions fi in such a way that their supports are 
contained in G+; that is, the set X(G+) @ E is dense in Ll(G+, E), where 
X(G+) denotes the set of (complex-valued) continuous functions on G 
with compact support contained in G +. On the other hand, since Ll(G+, E) 
is obviously a closed subalgebra of L’(G, E), one has 
Ll(G+, E) = X(G+) @ E = L’(G+) @ E = Ll(G+) @j E, 
II 
and this proves the assertion. 
Remark. The preceding lemma specializes for G+ = G to a previous 
result in [9; p. 288, Lemma]. The preceding can also be treated concerning 
the set G+ C G in the more general context of “vanishing algebras” considered 
by A. B. Simon [14]. For simplicity, we consider instead the particular 
semigroup G+ of G as defined above, and this was also essentailly the case 
in [6]. 
3. THE SPECTRUM OF L’(G+,E) 
Let E be a commutative locally m-convex algebra. Then the spectrum of E, 
denoted by A(E), is the set of all nonzero continuous homomorphisms of E 
onto the algebra C of complex numbers (: characters of E) and this set is in 
1 - 1 correspondence with the set of all closed, regular, maximal ideals in E, in 
such a way that each f E A(E) corresponds to its kernel (cf. [12, p. 14, Corol- 
lary 2.101). As a topological space, A!(E) is equipped with the relative topo- 
logy induced on it by the weak topological dual E,’ of E, and this corresponds 
to the classical Gel’fand space when E is a Banach algebra. 
Now, the spectrum of the Arens-Singer algebra Ll(G+) is the set d of all 
semicharacters of G, that is, the set of all nonzero continuous homomorphisms 
of the semigroup G+ into the multiplicative semigroup of complex numbers 
of modulus < 1. Moreover, d is equipped with the topology of compact 
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convergence in G+ C G, and in this topology it is a Hausdorff locally compact 
topological space (cf. [2, p. 381, Section 3; 6, p. 3831). 
The spectrum A’(E) of a locally m-convex algebra E is said to be locally 
e&continuous if for every f E A(E) there exists an equicontinuous neigh- 
borhood U off in A!(E). 
Specifically, Ll(G+) being a Banach algebra is complete and metrizable, so 
that its spectrum A being locally compact is, in particular, locally equiconti- 
nuous (cf. [I 1, p. 302, Theorem 2.11). We shall use this below. 
We are now in a position to state the following 
THEOREM 3.1. Let E be a commutative complete locally m-convex algebra 
with a locally equicontinuous spectrum and let Ll(G+, E) be the respective 
‘generalized /kens-Singer al’gebra” defined as in Section 2. Then, 
A(Ll(G+, E)) = A x A%(E) (3.1) 
within a homeomorphism. 
Proof. Since each of the algebras appearing in the second member of (2.2) 
has a locally equicontinuous spectrum, by Lemma 2.1 and Proposition 2.1 in 
[lo, p. 1031, the same is true for the algebra Ll(G+, E), the topology 7r being a 
“compatible topology” on the respective tensor product algebra (cf., for 
instance, [8, p. 2481). Hence, the assertion is now an immediate consequence 
of Theorem 2.1 in [lo, p. 1041 and the proof is finished. 
The preceding result has a special bearing on Theorem 3 of [6, p. 3871. It 
also specializes, for G = G+, and even concerning the topological algebra E 
involved (: any commutative locally m-convex Q-algebra has an equicontinu- 
ous spectrum and, hence a fortiori a locally equicontinuous one) to Theorem 
3.1 in [7, p. 531. 
Now, concerning the relation (3.1) above, the following comments are in 
order: 
For every pair (5, f) E A x A’(E), one defines an element h E A(Ll(G+, E)), 
which we denote by h = 5 of, in such a way that, for any p E Ll(G+) and 
x E E, with q @ x ELM @ EC Ll(G+, E) (cf. the relation (2.3) above), 
one has 
(5 Of) (p'c34 = 5(df(4 =fMd 4. (3.2) 
On the other hand, by definition, 
I(v) =W) = s,, 5(t) v(t) dt, (3.3) 
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where dt denotes the Haar measure on G, so that, by (3.2), one obtains 
which in our case is exactly the corresponding relation given by Leibowitz in 
connection with the relation (3.1) b a ove [6, p. 383 (2) and p. 384, Theorem 11. 
We finally remark that in case the algebra E has an identity element 1, and 
if (u,),~, is an “approximate identity” in Lr(G+) (cf., for instance, [2, p. 384, 
proof of Theorem 4.7; and 6, p. 384, Lemma I]), then 
(4 0 11, otEI, (3.5) 
is an approximate identity in Ll(G+, E). It suffices obviously to prove the 
assertion for elements of the form q~ @ X, with q ELM and x E E. In fact, 
one has 
by hypothesis for (u,), which is the desired result. 
In this respect, applying the same notation as above, we also remark that 
which is in our case the corresponding result in the second part of Lemma 1 in 
[6, p. 3841. 
4. THE (SHILOV) BOUNDARY OF Ll(G+,E) 
Given a locally m-convex (topological) algebra E whose spectrum is A’(E), 
we shall say that a set S C J?(E) is a bou&zry set for the algebra E if, for 
every x E E, there exists an element f E S such that 
l4f>l = IfMl = SUP{/ WI :gE 9 (4-l) 
It is obvious that there may be no boundary sets in d(E) for a given 
algebra E as above. We refer the reader to the recent work of R. M. Brooks [3] 
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for an account concerning boundaries of the spectra of nonnormed algebras, 
and the work of S. L. Gulick [5] for a general account to which our use of 
the concept applied in [lo] is more contiguous. 
Now, we call minimal boz&ury (or simply boundur_y) the smallest closed 
boundary set for E, whenever this exists, and we denote it by a(E). 
In case E is a commutative Banach algebra, the boundary of E is the usual 
Shilov boundary of the algebra E. 
In particular, the (Shilov) boundary of the Banach algebraLl(GT) is the set 
r of characters of G, so that rc A (cf. [2, p. 383, Theorem 4.61). 
The following theorem extends an analogous result in [6] and is obtained 
as a direct application of the more general technique developed in [lo]. Thus, 
we have 
THEOREM 4.1. Let E satisfy the hypothesis of Theorem 3.1. Then the 
(Shilov) boundary of Ll(G+, E) is given by the relation 
a(Ll(G-, E)) = r .Y a(E) (4.2) 
within a homeomorphism, where r denotes the Shilov boundary of the Banach 
algebra Ll(G+). 
Proof. The assertion is an immediate consequence of Lemma 2.1 in the 
preceding and of Theorem 5.2 in [ 10, p. 11 I], which gives the boundary of an 
abstract topological tensor algebra. 
5. HEREDITABILITY OF L1(G+, E) 
The purpose of this section is to examine properties which the algebra 
Ll(G+, E) inherits by similar properties of the algebras Ll(G+) and E, being 
by (2.2) a topological tensor product of these two algebras. Thus, we shall 
examine below the semisimplicity of the algebra in the title of this section as 
an application of the more general considerations applied in [8]. 
It is well-known that Ll(G) (cf. Section 2) is a semisimple (Banach) algebra 
(cf., for instance, [ 13, p. 3231) so that Ll(G+) being a subalgebra is also semi- 
simple. 
Now, we shall say that a (complete) commutative locally m-convex algebra 
E is semi-simple if the corresponding Gel’fand map 
g : E i--t %Q%‘(E)) 
is 1 - 1 (cf. also [1 1, p. 3051). 
(5.1) 
On the other hand, the algebra L1(G) satisfies the “condition of metric 
approximation” and hence that of approximation (cf. [4, Chap. I, p. 185, 
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Proposition 41, and p. 178, Definition lo]). Moreover, by an easy adaptation 
of the proof of Proposition 41 in [4] cited before, one gets the same conclusion 
for the algebra L1( G+), so that by [4; Chap. I, p. 168, Corollary] one has that 
(the projective tensorial topology) T is a faithful topoZogy on the tensor product 
algebra Ll(G+) Gi, E (cf. [8, p. 251, Definition 2.1). We employ this fact in 
the proof of the following theorem. 
THEORE~LI 5.1. Let L1(G+, E) be the “generalized Awns-Singer algebra” 
defined in Section 2 in the preceding, where E is a commutative complete locally 
m-convex (topological) algebra having a locally equicontinuous spectrum A%(E). 
Then, the algebra Ll(G+, E) is semi-simple if and only zf E is semi-simple. 
Proof. By the discussion preceding the statement of the theorem, Ll(G+) 
is semisimple and the topology n on the tensor product algebra in the relation 
(2.2) is faithful, so that a direct application of Lemma 2.1 in the preceding 
and Theorem 2.1 in [8; p. 2521 (cf. also [IO, p. 104, Section 3, 11) completes 
now the proof. 
The preceding theorem extends the corresponding result in [6], the latter 
being obtained therein by different techniques, Moreover, it extends, for 
G = G-, and also concerning the topological algebra E involved, the res- 
pective result in [8, p. 252, Theorem 2.11, this latter aspect being already 
pointed out in [lo, p. 104, Section 31). 
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